DISPLACEMENT ENERGY OF UNIT COTANGENT BUNDLES 



KEI IRIE 



Abstract. For given Riemannian manifold, we study the displacement energy of its unit 
cotangent bundle in its cotangent bundle. This displacement energy is obviously equal 
to infinity when the Riemannian manifold is closed. On the otherhand, our main result 
gives a nice upper bound of this displacement energy when the Riemannian manifold 
is noncompact. As an application, we prove the existence of a "short" periodic billiard 
trajectory on any compact Riemannian manifold with boundary. 



1. Introduction 

1.1. Main result. First we recall the definiton of displacement energy. Let {X,u) be a 
symplectic manifold, and be a compact set on X. Then, the displacement energy of K 
in X is defined as 

inf{||if|| I H displaces K}, 
where H = {Ht)o<t<i is a time-dependent smooth Hamiltonian with compact support, 

and \\H\\ : = / sup Ht — inf Htdt. 



Let M be a n-dimensional Riemannian manifold without boundary. DT*M denotes 
the unit cotangent bundle on M, i.e. 

DT*M := {{q,p) G T*M \ \p\ < l}. 

In this paper, we study the following quantity: 

d{M) := sup displacement energy of K in T*M, 

K 

where K runs over all compact sets in DT*M. 

When M is compact, d{M) = oo since the zero-section of T*M is not displaceable by 
Hamiltonian diffeomorphisms. On the otherhand, our main result gives an upper bound 
of d{M) when M is noncompact. 

Suppose that M is noncompact. For any compact set K C M, let us define 

r-M^K) := sup distM(a;, M \ K). 

Moreover, we define 

r(M) := sup tmW- 

KCM 

When M is an open set in R", r(M) is equal to the supremum of radius of balls in M. 
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The main theorem of this paper is the following: 

Theorem 1.1. Let n be a positive integer, and M be a n- dimensional non-compact Rie- 
mannian manifold without boundary. Then d{M) < const„r(M). 

Remark 1.2. The last inequality means that: there exists a positive constant c depending 
only on n, which satisfies d{M) < cr{M) for all M. 

In [7], CViterbo proves the following result, and apply it to prove the existence of a 
short periodic billiard trajectory (theorem 4.1 in [7]). 

Proposition 1.3. If U is a bounded open set in M", then the displacement energy of 
DT*U := {{q,p) \qeU,\p\< 1} zn T*M" zs less than const„vol(t/)^/". 

This result easily follows from theorem 11.11 

1.2. Application:periodic billiard trajectory. First we clarify the definition of peri- 
odic billiard trajectory. 

Definition 1.4. Let M be a Riemannian manifold, possibly with boundary. Then, peri- 
odic billiard trajectory on M is a continuous map 7 : M/Z — )■ M, such that there exists a 
finite set C M/Z with the following properties: 

(1) On (M/Z) \ B^/, 7 is smooth and satisfies 7 = 0. 

(2) For any t E B^, 7(t) G dM. Moreover, 7±(t) := lim 7(t + h) satisfy 

7+(t) + 7- W e T,^t)dM, 7-(t) - 7+W e iT,^t)dM)^ \ {0}. 
B^ is called the set of bounce times. 

Remark 1.5. In the above definition, a closed geodesic is a periodic billiard trajectory 
(the set of bounce times is empty). 

Proposition 1.6. Let M be a n-dimensional compact Riemannian manifold with nonempty 
boundary. Then, there exists a periodic billiard trajectory on M with at most n + 1 bounce 
times and its length is less than or equal to d{miM). 

Proposition 11.61 is observed in [7j (proof of theorem 4.1), although it does not contain 
the estimate of the number of bounce times. A rigorous proof of proposition 11.61 can be 
found in [1], which is based on a version of energy-capacity inequality ([6], [3]), and the 
approximation technique due to [2]. 

Remark 1.7. Although [I] is working on domains in the Euclidean spaces, their proof is 
valid for general Riemannian manifolds. 

By proposition II. 6^ theorem 11.11 implies the following corollary: 

Corollary 1.8. Let M be a n-dimensional compact Riemannian manifold with nonempty 
boundary. Then, there exists a periodic billiard trajectory on M with at most n + 1 bounce 
times and its length is less than or equal to const„r(intM). 

In [3], the above corollary is proved (by quite different methods) when M is a domain 
in the Euclidean space. 
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1.3. Organization of the paper. The foUowing of the paper is devoted to the proof of 
theorem II. 1[ 

In section 2, we introduce the notion of width of Riemannian manifolds (denoted by 
w), and prove an inequality d{M) < 2w{M) (lemma 1^72]) . Hence theorem 11.11 follows from 
an inequality w{M) < constnr{M), and we reduce it to a result on closed Riemannian 
manifolds (theorem 12. 3p . The rest of the paper is devoted to the proof of theorem 12. 3[ 

To prove theorem 12. 3^ first we prove the existence of a thick triangulation of a given 
closed Riemannian manifold. The rigorous statement of this result is given in section 3 
(lemma [3.3p . Since the proof of lemma IX^ is little long and it is not the main interest of 
this paper, the proof is postponed untill the last section 6. The main part of the proof of 
theorem 12.31 is carried out in section 4 and 5. 

Acknowledgement. The author would like to appreciate his advisor professor Kenji 
Fukaya, for listening to and giving precious comments on preliminary versions of this 
paper. 



2. Width of Riemannian manifolds 



In this section, we introduce the notion of width of Riemannian manifolds. Let M be 
a n-dimensional Riemannian manifold without boundary, and K he a compact set on M. 
Let us define 

Wm{K) := mi{\\h\\ I h G C;^{M), \dh\ > 1 on K}, 
where \\h\\ := sup h — inf h. Moreover, let us define the width of M by 

w{M) := sup Wm{K). 

KCM 

In particular, when M is closed, w{M) = oo. 

Lemma 2.1. Let M be a manifold without bondary, and g,g' be Riemannian metrics on 
M, such that \^\g < c\^\g> for any ^ G TM. Then w{M,g) < cw{M,g'). 

Proof. We may assume that w{M,g') < oo. Let be a compact set on M. For any 
6 > 0, there exists h G C^(M), such that \dh\gi > 1 on K and \\h\\ < W(^M,g'){K) + 6. 
Since \d{ch)\g > 1 on K, W(^M,g){K) < c{w(^M,g'){.K) + 5). Since this holds for any 5 > 0, 
W{^M,g){K) < cw(^M,g'){K). Heuce w{M,g) < cw{M,g'). □ 

The following simple observation is the first key step in the proof of theorem II. It 
Lemma 2.2. Let M be a Riemannian manifold without boudary. Then, d{M) < 2w{M). 

Proof. We may assume w{M) < oo. Let K he a. compact set in DT*M. For any 5 > 0, 
there exists h G C^(M) such that < w{M) + 5 and \dh\ > 1 on itm{K), where tt^ is 
the natural projection T*M ^ M. Let H := h o ti^ e C^{T*M). Let (gi, . . . , Qn) he a 
local chart on M, and let (pi, . . . be the associated chart on cotangent fibers. Then, 
the Hamiltonian vector field Xh of H is caliculated as: 

X _sr^9H d _dH d _^dh d _ 
" ^ dqi dpi dpi dqi ^ dqi dpi 
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Since \dh\ > 1 on ttm{K), and K C DT*M, 2H displaces K. Although 2H is not com- 
pactly supported, the 1-parameter group {'f\H)teM. of X2H is well-defined, and ip\f^{K) 

0<t<l 

is compact. Hence displacement energy of K in T*M is bounded by ||2if|| = \\2h\\, there- 
fore by 2w(M). □ 



We show that theorem 11.11 is reduced to the following theorem: 

Theorem 2.3. Any closed, connected n- dimensional Riemannian manifold N and a com- 
pact set K C N satisfy w^^K) < const„diam(A^). 



Proof of theorem modulo theorem \2.3[ Let M be a n-dimensional non-compact 
Riemannian manifold without boundary, as in theorem ll.il By lemma [221 it is enough to 
show w{M) < const„r(M), i.e. any compact set K on M satisfies wm{K) < const„r(M). 
We may assume that M is connected (the general case follows at once from this case). 
The key step in the proof is the following claim: 

For any e > 0, there exists an open neighborhood W of K in M, a closed, 
connected Riemannian manifold N, and an isometric embedding i : W ^ 
N such that diam(iV) < (2 + e)r{M). 

Once the above claim is established, then we can complete the proof as follows: 

wm{K) = WN(i{K)) < const„diam(A^) < const„r(M). 

We prove the claim. It is easy to show that there exists U, a connected open neighborhood 
of K such that If is compact and dU is smooth. Take an embedding E : dU x [—1,1] ^ U 
such that E{u, 1) =u,lmEnK = 0. 

We define a closed manifold N by N := U x {0}|^f7 x {1}, where ip is defined by 

ip : ImE X {0} ImE x {1} : (E(M,t),0) -t),l). 
Then, N is connected. Moreover we define an embedding Ji '-U N hy 

jk-.U X {k} ^ N (A; = 0,1). 



For any e > 0, there exists a Riemannian metric on N such that: 

(1) JqQn < gulu, where qm denotes the Riemannian metric on M. 

(2) dia.m{U,jlgN)<er{M). 

(3) JodN = 9m on some open neighborhood W of K. 

Since sup distA./(x, M\U) < r{M), (1) implies sup distjv(a;, U x {1}) < r{M). Then (2) 

implies diam(A^) < (2 + e)r(M). Finally (3) implies that i := JoIvk : — )■ iV is an 
isometric embedding. □ 



3. Thick tri angulation: statement 



The proof of theorem 12.31 is based on the existence of a "thick" triangulation of a given 
closed Riemannian manifold. The goal of this section is to state this result (lemma [3.3p 
in rigorous terms. The proof is postponed untill the last section. 

We start with a review of the notion of a triangulation. A simplicial complex X is a 
pair (l^(X),S(X)) where V{X) is a set, S(X) C {finite subsets ofV{X)} \ {0}, such 
that 

• For any v E V{X), {v} G 

• TGa,(xe E(X) ^ r G 

For each a G S(X), we define dim a as dimo" := jjcr — 1. For each integer > 0, we define 
Efc(X) := {cr G S(X) I dimcj = k}. Moreover, we define a symplicial complex by 

V{Xk) = V{X), S(Xfc) := [j S;(X). For each v G V{X), we define Nt{v) C V{X) as 

0<l<k 

Nt{v) := {w G V{X) I {v,w} G Si(X)}. 
An element of S(X) is called a symplex of X. V"(X), S(X) are sometimes abbreviated as 

For any symplex a = {vq, . . . ,Vk}, we define |cr|, int \(t\ C R[V] := 0M-t; by 



.0<j<k 



< < 1, = 1 L mt\a\ := I ^ tjVj 

j J lo<j<fc 



0<t, <l,$^t, = l 



Moreover, we define |X| := |J |a| C R[V]. 



o-GS 

We equip X with a restriction of the standard metric on M[\^], and we call this metric the 
standard metric on |X|. For any x G |X|, we define Stx{x) C |X| by Stx(a;) := |J int 0" , 

and Stx(a;) denotes its closure in |X|. 

We introduce some terminologies, following [5] section 8. 
Definition 3.1. Let X be a simplicial complex, X be a manifold, and F : |X| — )■ X. 

(1) F is of -class if and only if F\\^\ is of C"'-class for any a G S(X). 

(2) When F is of C^-class, F is nondegenerate if and only if for any a G S(X) 
satisfying dima > 1, d{F\\„\) has rank equal to dim cr everywhere on \a\. 

(3) When F is of C^'^-class, {dF)^ : Stx(a;) — )■ Tp(^x)N is defined for each x G |X| by 

{dF)M ■■= {dF\\,\),{y-x), 

where a G S(X) such that x G |cr|, and y is an aribtrary point on \a\. 

(4) F is a C^-immersion if and only if it is of C-class and {dF)x '■ Stx(a;) — ?• Tpf^^^N 
is injective for any x G |X|. 



(5) (X, F) is a C^-triangulation of A^, if and only if F is a C^-immersion and a home- 
omorphism. 

Remark 3.2. Assume that F : |X| — )■ X is of C^-class. It is known that {X,F) is a 
triangulation if and only if F is nondegenerate and homeomorphism (theorem 8.4 in [5J). 

Finally, we state lemma 

Lemma 3.3. Let N be a n- dimensional closed Riemannian manifold. For sufficiently 
small e > 0, there exists a C°° triangulation (X, F) of N with the following properties, 
where Cq, Ci, C2 are positive constants depending only on n. 

(1) For any a G F\\„\ : \a\ ^ N is a geodesic. 

(2) For any o G S(X) and non-zero tangent vector ^ on \a\, | ('i-F'||(T|)(0 Iat/ICI ^ 
[co£:,ci£:], where |^| is defined by the standard metric on \X\. 

(3) For any u G V{X), %Nx{u) < cg. 

Remark 3.4. It is easy to see that (3) follows from (2). 

We fix the above constants Cq, Ci, C2 untill the end of this paper. 

4. Width of a manifold with many holes 

The main result of this section is the following proposition: 

Proposition 4.1. Let N be a n-dimensional closed Riemannian manifold, and e be a 
sufficiently small positive number so that there exists a triangulation {X, F) of N as in 
lemma \3.3[ Then, 

w{N\F{V{X))) < const^e. 

N \ F{V{X)) is, roughly speaking, a manifold with many "holes", proposition 14.11 
claims that width of such a manifold is sufficiently small. The following of this section is 
devoted to the proof of proposition 14.11 

By (3) in lemma [373| there exists a map h : V{X) — {j G Z | < j < C2} such that 
for any symplex a = {vq, . . . , Vk} of X, h{vo), . . . , h{vk) are distinct. 

Then we extend h to a. continuous function on |X| (still denoted by h) as follows: for 
any symplex a = {vq, . . . , Vk} of X, h\\a\ is defined by 

\0<j<k / 0<j<k 

We define a continuous function h' on N hy h' := h o F~^. Obviously < h' < 02- 
Although h' is not of C°°, it is of on f/ := |J F(int|a|). 

cres„(X) 

Let p be a M>o valued smooth function defined on M>o, such that p is constant near 0, 
suppp C [0, 1] and 

/ p[\x\)dx = 1. 




For 6 >0, let us define ps G Co°°(M>o) by psit) := 6~'''p{t/6). When < 5 < inj(A^) : = 
the injectivity radius of A^, the following formula defines a function hs on A^: 

hs{x):= [ /i'(exp,(C))p4lC|)rfvoL(C)- 

exp^. denotes the exponential map at x, and vol^ denotes the volume form on TxN defined 
by the Riemannian metric on A^. < h' < C2 implies that \\hs\\ < C2- We prove the 
following lemma: 

Lemma 4.2. For any compact set K C N \ F{V{X)), liminf inf \dhs\ > const„£~"^. 

5— s>0 K 

First we point out that proposition 14 . 1 1 follows from lemma l472l Denote the constant in 
lemma by c. Then, for any c' G (0,c), inf Id/i^l > c'€~^ for sufficientl small 5. Setting 

K 

h := c'~^ehs, h satisfies \\h\\ < c'~^C2S and inf \dh\ > 1. Hence 

w{N\F{V{X))) = snpwN\F{v(x))iK) < const^e. 

K 

To prove lemma \A.2\ first we need the following sublemma. 

Lemma 4.3. For any x G N\F{V{X)) , there exists C, G T^N with the following property: 
if C ^ TU C TN is sufficiently close to ^ in TN, then dh\Q/\C^\ > c€~'^ , where c is a 
positive constant depending only on n. 

Proof. Let a = {vq, . . . , Vk} be the unique symplex of X such that F~^(x) G int|o"|. Since 
X ^ F{V{X)), k > 1. Since h{vo), ■ ■ ■ , h{vk) are distinct integers and diam|cr| < a/2, there 
exists f] G Tp-i(a,)|cr| such that dh{rf)/\r]\ > 1/V2. Setting C, '■= dF{ri), (2) in lemma [373] 
implies that dh'{^)/\^\ > {V2cie)~^. Then ^ satisfies the requirement of the lemma with 
any c < (a/2ci)"^ □ 

Finally we prove lemma 14.21 First we introduce the following notation: 
Bj^{x,r) ■= {y e N \ distAr(x,?/) < r} (x G A^,r G R>o). 

Proof of lemma \4-^ Let us define a map e by 

e : G TN \ \^\ < inj(Ar)} ^ N; {x,^ ^ exp,(0. 

For any ^ G T^N, let ^ be its horizontal lift (with respect to the Levi-Civita connection). 
Then, 

dhsiO = [ dh'{de{i{0))ps{\C\) dvoUC). 

Since h' is smooth on U (hence, almost everywhere on N), the right hand side makes 
sence. For each x E K, take a vector field ^ defined near x, so that ^{x) satisfies the 
requirement of the lemma Since de{^{x, 0)) = ^{x), the following inequality holds for 
sufficiently small r,S > 0: 

dh'{de{aC)))/\de{iiO)\ > ce-' {y G B^ix,r), ( G T,iV, |C| < 5), 
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Moreover, by taking r, 6 sufficiently small, we may also assume that the following holds: 
\deim)\/\ax)\ > 1/2 {y e 5^(x,r),C G TyN, \C\ < 5), 

We denote ^, r, 5 by r^, 5^. 

Since K is compact, there exist finitely many points xi, . . . , Xm & K such that |i?7v(a;i, "rxj } 
covers K. Let 5 := min 5^;-. For any y E K, there exists 1 < i < m such that 

l<i<m 

y G 5jv(xi,r^J. Then, we get 

dhs{^.M)= I dh'{de{ilXC))p6m)d^o\y{0 

J TyN 

>ce-' [ \de{UO)\ps{\C\) dvolyiO 

JTyN 

>c{Ae)-'\i.Xy)[ 

Hence \dh5{y)\ > c(4£:)~^ for any y E K. □ 

5. Proof of theorem 12.31 

The main result of this section is the following proposition: 

Proposition 5.1. Let N be a closed, connected n- dimensional Riemannian manifold, 
{X,F) be a triangulation of N which satisfies the requirements of lemma [Ol for e > 0. 
Then, the following holds for sufficiently small e: 

For any v G V{X), there exists an open set W (1 N \ F{y{X)) and a 
diffeomorphism ^ : W N \ {F{v)} such that 

< const„diam(A^)£-i 

for any non-zero tangent vector on W . 

First we point out that theorem 12.31 follows from proposition 15.11 Let be a closed, 
connected n-dimensional Riemannian manifold, and C be a compact set on A^. We 
have to show that wn{K) < const„diam(A^). 

Take e > as in proposition 15. Ij and (X, F) be a triangulation which satsfies require- 
ments in lemma [23] for e. We may assume that F{y{X)) \ K ^ ^. 

Take an arbitrary v G V{X) \ F~^{K), and take PV, $ as in the claim in proposition 
EH Then 

w{N\ {F{v)}) < constndiam{N)6'^w{W) 

< constndiam{N)e~^ w{N \ F{V{X))) 

< const „diam(A^). 

The first inequality follows from lemma 12. H and the last inequality follows from propo- 
sition |1]T] Since wn{K) = wn\{f(v)}{K) < w[N \ {F{v)}), it completes the proof of 
theorem 12. 3[ 
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5.1. Sketch of the proof of proposition 15. ll We sketch the proof of proposition 15.11 
Details are carried out in section 5.2 - 5.4. 

Let N, e, {X, F) are as in proposition 15.11 denotes the Riemannian metric on A^. 
First we show the following lemma, which is proved in section 5.2. 

Lemma 5.2. There exists a tree T G X such that V{T) = V{X) and 

diam(|T|, F*(yf7v||T|) < const„diam(A^). 

Remark 5.3. Tree means a simply-connected 1-dimensional symplicial complex. 

Let T C X be a tree as in lemma [5l2l In the following, we equip |T| with the metric 
F*gN\\T\ unless otherwise stated. In section 5.3, we define a Riemannian manifold (with 
boundary) T, and an embedding map i : |T| — )■ T. Roughly speaking, T is obtained by 
"fatten" |T|. Moreover, we show that T and i satisfy the following properties: (lemma 
15.41 is proved in section 5.3, and lemma 1531 is proved in section 5.4.) 

Lemma 5.4. For any < 5 < 1, there exists e{6, N) > such that the following holds: 
IfO<e< e{6,N), there exists an embedding I : T ^ N such that: 

(1) / o i : |T| — > is equal to F||t|- 

(2) Any nonzero tangent vector ^ onT satisfies \dl{^)\j^/\^\f E [1 — 5,1 + S]. 

Lemma 5.5. For any v G V{T), there exists a neighborhood Z of dT in T, and a 

diffeomorphism ip : Z ^ T \ \^i{v)^ with the following properties: 

(1) (f = id on some neighborhood of dT. 

(2) Any nonzero tangent vector^ on Z satisfies \d(f{^)\^/\$,\f < const„diam(|T|)e~"^. 
We prove proposition 15.11 assuming those results. Suppose that < e < e{l/2,N), 



and take / : T — >■ as in lemma 15.41 For each v G V{X), define W G N hj W := 
{N \ /(f)) U I{Z), and define <^ : W ^ N \ {v} hj 



We check that any nonzero tangent vector G T^W satisfies |(i$(^)|/|,^| < const„diam(A^)£: 
If X G I{Z), then 

\d^{0\/\^\ < const„diam(|T|)£-^ < const„diam(iV)£-^ 
The first inequality follows from lemma EH (2) and lemma E5] (2), the second inequality 



5.2. Proof of lemma I5.2L Since {X,F) satisfies lemma 1331 (2). lemma 1531 follows from 
the following lemma: 

Lemma 5.6. Let X be a symplicial complex such that \X\ is connected. Then, there 
exists a tree T G X such that V(T) = V{X) and diam(|T|) < const„diam(|X|), where 
diam(|T|), diam(|X|) are defined with respect to the standard metrics (see section 3). 




X {xeN\I{f)) 

ioipor\x) {xei{z)) 



follows from lemma [5l2l On the otherhand, if x ^ ^{T), d^{C,) = ^. 
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Proof. First we show the following claim: 

For any A; G {2, . . . ,n}, diam(|Xjt_i|) < const^ ■ diam(|Xfc|). 

Let c : [0, 1] — i- \Xk\ be a piecewise linear map such that c(0),c(l) G |Xfc-i|. Then there 
exists = to < ti < ■ ■ ■ < tm = I such that: 

• c(to), . . .,c(tm) e \Xk-l\. 

• For any i = 1, . . . ,m there exists ai G T,k{X) such that c([tj_i,tj]) C |crj|. 

For each i = l,...,m, there exists Cj : — )■ |(9(Tj| such that Cj(tj_i) = c(tj_i), 
Cj(ii) = c(tj) and /(q) < constfc-/(c|[t._j,t.]) (/ denotes the lengths of curves). By connecting 
ci, . . . ,Cm we get a map c' : [0, 1] — )■ such that c'(0) = c(0), c'(l) = c(l), /(c') < 

const/; ■ l{c). Hence we have proved the above claim. By applying the above claim for 
/c = 2, . . . , n, we get diam(|Xi|) < const„ ■ diam(|X|). 

Take an aribtrary function p : — )• [1,2] such that {p('^)}o-gEi(x) linearly 
independent over Q. A path on X means a subcomplex of X which is isomorphic (as 
a symplicial complex) to some Pi{l = 1,2,...), where Pi is a 1-dimensional symplicial 
complex defined as 

ViPi) = {0, . . . , /}, Si(PO = {{0, 1}, {1, 2}, . . . , {/ - 1, /}}. 
For any path 7 on X, let p(7) := p{<^)- If two paths 7, 7' satisfy p(7) = pi^j'), then 

crGSi(7) 

7 = 7'- 

Fix an arbitrary element Vq G l^. For each v & V, let 7^ be the path on X connecting 

V and fo, which attains the minimum value of p. Then p(7t,) < const„ ■ diam(|X|), since 
diam(|Xi|) < const„ ■ diam(|X|) and p{a) < 2 for any a G Si(X). 

Let T be the union of 7^, where v runs over all elements of V. Then, it is easy to check 
that T is a tree. Moreover, diam(|T|) < const„ ■ diam(|X|), since for any v,w E V 

dist\T\{v,w) < dist|T|(f , fo) + dist|r|(fo, w) < const^ ■ diam(|X|). 

□ 

5.3. Definition of T and i. Let N,e, {X,F) are as in proposition 15.11 and T C X be 
a tree as in lemma 15. 2[ First we define a Riemannian manifold T{r) and an embedding 

V : \T\ — 7- T(r) for sufficiently small r > 0. 

To spell out the definition, we introduce some notaions. For p, g G X such that 
dist(p, q) < inj(X), we define G TpN by 

■= expp^(g). 

Moreover, when p q, Cpg := p^/\p^\, and Hpg C TpN denotes the orthogonal complement 
ofp^-R. 

We start to define T(r) and ir- Let p : [0, 00) — )■ [0, 00) be a continuous map satisfying 
the following properties with respect to c > 0: 
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• fi{t) = ct for < t < 1/Vl + c2. 

• ^{t) = Vl — when t > l/y/l + and t is sufficiently close to 1 / a/ 1 + . 

• ^(t) = c/2Vl + c2 when t > 1. 

• fi(t) is a non- increasing function for t > l/Vi + c?. 

Remark 5.7. In the following, we identify each u G V"(T) with F{u) G A^. 

Let u G 1/(T) , w G iVT(M) and r > 0. We define A^^(r), (r), A„^(r) C T„A^ as 
follows {duv abbreviates distAr(M, w)): 

Auv{r) := [h + tCuv | < t < 2d„„/3, /i G if^j,, < r/i(t/r)}, 

A-^{r) := {h + tcuv I < t < rf„,/3, /i G i^™, \h\ < r/i(t/r)}, 

^^l'^) := {h + teuv I rf™/3 < t < 2rf„^/3, /i G if™, < r^(t/r)}. 

We equip Auv{r), A^^{r) with the metric on TuN. 




Since the triangulation (X, F) satisfies lemma 1331 (2). there exists > 0, which depends 
only on cq such that: Any u G V(T), v,v' G Nt{u), v ^ v' satifies \Zvuv'\ > 6q. Hence if 
c is sufficiently small, the following holds: 

u G V{T), v,v' G Nt{u), v^v' =^ A„,(r) n A„,,(r) = {0}. 

We fix such c > and denote it as C3. The constant C3 is fixed untill the end of this 
section. 

Let i : Huv Hyu be an isometry defined by a parallel transport along the geodesic 
segment connecting u and v. When r < (i^/3, then fi{t/r) = c^/2\Jl + c| for (i„t,/3 < 
i < 2(i„^/3. Therefore we can define an isometry ip^v '■ ^uvij") ~^ ^tm(^) by 

?/^™(/;, + tCuv) = i{h) + (rf™ - t)eyu- 

Let r > be a sufficiently small number so that r < duv/^ for any u G V"(T), f G Nt{u). 
(This is satisfied when r/e: < (-\/2/3)co, since lemma [373] (1). (2) imply duv > "\/2co£). For 
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each u e V{T), let us define 

S„(r) := {xeTuN \ \x\ <r}, 




tit's 



We define an equivalence relation ~ on | | C„(r) so that: x ~ y if and only if x = y 

«eV(T) 

or X e ^u^(r), y e ^^u(r), y = V'u^(x) for some u e ^(T),^ e Nt{u). 

Then T'(r) is defined as T(r) := |_J Cu{r)/ ~. Since are isometories, T{r) carries 

ueV(T) 

a natural Riemannian metric gT{r)- \ ■ \gT(r) abbreviated as | • \T{r)- 

Moreover, we define ir : \T\ ^ T{r) by 

ir{{l-t)u + tv) -.^ [tui] {0<t<2/3), 
where u e V{T), v e Nt{u) (since ipuvitut)) = (1 — t)'irt, this is well-defined). 
Reiricirk 5.8. The following remarks are immediate consequences of the definition: 

• If r' < r, there exists a natural isometric embedding T(r') T{r). In the follow- 
ing, we consider T(r') as a subset of T{r), using this embedding map. 

• If 5 is a subtree of T, there exists a natural isometric embedding S{r) — )■ T(r). In 
the following, we consider S{r) as a subset of T{r), using this embedding map. 

This completes the definitions of T(r) and ir- Next we define T and i : \T\ ^ T . First 
we need the following lemma: 

Lemma 5.9. There exists a positive constant Pn depending only on n, which satisfies the 
following: 

For any < 6 < 1, there exists e{6, N) > such that: if < e < £{6, N) 
and r < epn, there exists an embedding I : T{r) — >■ N satisfying 

12 



(a) : / o i^, : |T| — i- is equal to F\\t\- 

(b) : 1^/1^1 j'(r) G [1 — 5, 1 + 5] for any non-zero tangent vector ^ on 

T(r). 

We fix p„ > as in lemma ESI and define T and i as 

f := T{epn), i := iep„- 
Then, this definition clearly satisfies lemma [531 

To spell out the proof of lemma 15. 9^ we introduce the following notation: for p,q E N 
such that dist7v(p, 5') < inj(A^), ■jpg : [0,1] — )■ denotes the shortest geodesic segment 
such that 7p<y(0) = p, 7pg(l) = q. 

Proof of lemma [5. 91 Setting cut oflF function x '■ [1/3,2/3] — [0,1] such that x = 
near 1/3, X = 1 near 2/3 and x{t) + x(l ^ ^) = 1, we define / : T{r) N as follows: 

(i) For any u G V{T), l{[x]) := exp^(x) where x G C~(r) := -Bu(r) U A~^{r). 

v£Nt{u) 

(ii) For any u G V(T), v G Nt{u) and x = h + tui G A^^{r), 

I{[x]) := 7exp„(x)exp„(^„„(a;))(x(i))- 

Since x(t) + x(l ~ ^) = 1, fhis is well-defined. 

Since F satisfies lemma 13^ (1), / satisfies (a). If the metric of is fiat on some neigh- 
borhood of u, then /|cu(r) is isometric. Therefore / satisfies (b) for sufficiently small e. 
In particular, / is an immersion. 

To show that / is an embedding for sufficiently small e, it is enough to check that / is 
injective. For each u G V{T), define a tree T„ C T by 

V{T^) := M U Nt{u), Si(T„) := {{u,v} \ v G Nt{u)}. 

We consider T„(r) as a subset of T(r). 

For any v G Nt{u), distN{u,v) > V2co6. Moreover, recall that: any u G V{T), 
v,v' G Nt{u), V ^ v' satisfy \Zvuv'\ > 9q, where 9q depends only on cq. Hence if r/e is 
sufficiently small compared to cq, I\Tuir) is an embedding (hence injective) for sufficiently 
small e. 

Following claims are easily verified from lemma 1X51 (2): 

• If M G V{X) and e G satisfies u ^ e, then dist7v(M, -^(|e|)) > CqE. 

• If e,e' G Si(X) are disjoint, then distjv(i^(|e|), F(|e'|)) > Coe. 

Let x,y E T{r). Suppose that there exists no m G V{T) such that x,y E Tuir). Then, 
at least one of the following holds: 

• There exist u,u' E V{T), such that u ^ u' and x E Bu{r), x' E Bu'{r). 

• There exist u E V{T), e E Si(T), u ^ e and x E Bu{r), y E e(r) (e denotes the 
subtree of T such that Si(e) = {e}). 

• There exist u E V{T), e E Si(T), u ^ e and x E e(r), y E Bu{r). 
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• There exist e, e' G Si(T), e fl e' = and x G e(r), y G e'(r). 

In all cases, dist^(/(x),/(?/)) >Co£-2r. Therefore, if r/e < co/2, /(x) 7^ /(y). □ 

5.4. Proof of lemma 15.51 Let us denote r := p„e, i.e. T = T(r). First we restate what 
we have to show (we denote v in the statement of lemma [S3] as Vi): 

For any Vi G V{T), there exists Z C T(r), a neighborhood of dT{r), and 
a diffeomorphism ip : Z ^ T{r) \ such that any nonzero tangent 

vector ^ on Z satisfies 1 j'(r)/l^lr(r) < constodiamdrDe""*^. 

We use abbreviations d := diam(|T|) and d{v) := dist|T|(f , f 1) (Vf G V"(T)). 

Remark 5.10. For any e G Si(T), (length of F(|e|))/£ G [co,ci], since F satisfies (2) in 
lemma [331 Therefore, it is enough to prove lemma 1531 assuming that lengths of -F(|e|) 
are same for all e G Si(T). 

For any subtree S of T such that vi G V{S), let us be the inward normal vector of 
dS{r/2) in S{r) (we consider S{r/2) as a submanifold of S'(r): recall remark [5^ . For 
sufficiently small c > 0, there exists an embedding Es : dS{r/2) x (— cr, cr) — )■ S'(r) such 
that {t denotes the coordinate on {—cr,cr)): 

Es{z, 0) = z, dtEsiz, 0) = us{z), d^Es{z, t) = 0. 

In the last equation, is defined by the Levi-Civita connection associated with gs{r)- 
Note that we may take c > so that it depends only on n (hence, independent on T and 
S). We fix such c and denote it by C4. 

Define a manifold Xs by 

Xs := (T(r) \ 5(r/2)) |J dS{r/2) x {~c,r, d). 

-£'SlsS(r/2)x(-C4r,0] 

We equip Xg with a metric (^Xg, which is defined in the following manner. First, we define 
a metric g on dS{r/2) x (— C4r, d) by 

9 '■= (pra5(r/2))*(5'T(r)|a5(r/2)) + dt^ . 

Setting cut off function a : (— C4, 0] -t- [0, 1] such that a = 1 near — C4 and a = near 0, 
we define a metric gx^ on X5 so that 

• gxs = 9T(r) on (T(r) \ ^(r/2)) \ Imi?^. 

. gxs = a{t/r)Es*{gT(r)) + (l - a{t/r))g on a5(r/2) x (-C4r, 0]. 
. gxs=gon dS{r/2)x[Q,d). 

Consider the case S = T. Then, there exists a diffeomorphism 

K : (T(r) \ T(r/2)) U ImEy ^ 

such that \dK{^)\xT/\^\T(r) < const nde:^"'^ for any nonzero tangent vector ^. Hence it is 
enough to show the following lemma: 
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Lemma 5.11. There exists Y C Xt, a neighborhood of dT{r) in Xt, and a diffeomor- 
phism if' : Y ^ T{r) \ {i(fi)} such that any nonzero tangent vector ^ on Y satisfies 
\d'f'iO\T{r)/\^\xT < const„. 

Actually, once we prove lemma ISTTT] Z := k^^{Y) and := Lp'on satisfy \dip{^)\T{r) / \^\T(r) < 
const„c?£:~^ for any nonzero tangent vector ^ on Z. 

To prove lemma first we define Y C X^- Fix a cut off function x '■ [1/3)2/3] — )■ 
[0, 1] such that x = 1 iisar 1/3, x = near 2/3 and x(^) + x(l — t) = 1. We define 
d e C°°(T(r/2)) as follows: 

• For each v E V{T), d = d{v) on C„'(r/2) := B^{r/2) U |J 

• For each v G w G Nt{v) and x = /i + t-ut^ G yl^^(r/2), 

:=x(t)t^(t;) + x(l-t)rfH. 
Since x(^) + x(l ~ ^) = 1) this is well-defined. 

Next we define C X5 by 

Ys:= {T{r)\S{r/2))u {{z,t) \ z e dS{r /2),0 < t < d{z)} . 
We equip Ys with the metric gxsWs, and denote it by gy^- 

We define F C X^ hj Y := Yt- We have to show that there exists a diffeomor- 
phism if' : Yt T{r) \ {i{vi)}, such that any non-zero tangent vector C, on Y satisfies 
Id^'iOWir) /\^\yt < const„. 

Let m := |\/(T)|, and take an aribitrary increasing sequence of subtrees of T: 

{vi} = Ti C T2 C ■ • • C = T. 
In the following, we abbreviate | ■ \yj,, by | ■ \j. 

To spell out the proof, we introduce some notations: 

• For any u G V{T), v G Nt{u) and < a < r, we define i?°„(a), Ruy{a) C -Bu(r) by 

Kvia) := {h + tCu, I ^/WF+^ = a, \h\ < Cgt}, 
:= {h + I ^/\hfT¥ = a, \h\ > Cat}. 
Moreover, for < 6 < c < r, we define Ruv{b, c), Ruy{b, c) C Bu{r) by 
Rl,{b, c) := {h + tcuv I 6 < ^/\h\^ + t^ < c, < o^t}, 
Rl,{h, c) := {h + tcuv I h < ^/\h[^T¥ < c, \h\ > est}. 
R1^[b, c), Ru^{b, c], Ruy[b, c] (i = 0, 1) are defined in similar way. 

Remark 5.12. Recall that we choose C3 so that the following holds: 

u G V{T), v,v' G Nt{u), Vy^v' ^ A„,(r) n A„,,(r) = {0}. 
Hence, the following holds for any u G V{T): 
v,v' G Nt{u), v^v' ^ Rlia) C Rl,{a), Rl{b,c) C Rl>{b,c). 
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• For 1 < j < m, let Vj be the only element of V{Tj) \ V{Tj-i), and let Wj be the 
only clement of V{Tj^i) n NT{vj). 

• We define Aj C T(r) by 

Aj := B^.{r) U A^.^.{r) U >l^,^,(r). 




Moreover, we define Bj, Cj C and Dj, Ej C ^^^.i by 

Bj - Rl^.^^ir/2,r] U {{z,t) \ z G i?^^^^^ (r/2), 0<t< d{v^)}, 
C, := (A, \ T,(r/2)) U t) | z e A, n 9T,(r/2), < t < 
Dj := {(^,t) I 2 G n dTj_i{r/2), 0<t< d{wj)}, 
Er-= (A,\T,_i(r/2))uD,. 

Remark 5.13. For each j, 1^^ \Cj is naturally identified with Yxj-i The identification 
map Lj : Ytj \ Cj ^^-i \ Ej preserves the metric: L*gYj.. ^ = Qyt. ■ 

Lemma 5.14. For each j = 2, . . . ,m, there exists a diffeomorphism (pj : Yt^ — >■ Yt._^ 
which satisfies the following properties: 

(a) : Vj\YT.\Cj = h- 

(b) : Any tangent vector^ on Bj O (pJ^{Dj) satisfies \d(pj{^)\j-i < 

(c) : Any tangent vector on Yt^ satisfies \dipj{^)\j-i < c^\$\j, where C5 is a positive 

constant which depends only on n. 

(d) : ^,{R\.^^[r/2,r])GA,\B^^{r). 

Remark 5.15. In (d), notice that Aj \ By,.{r) C Yt since Aj \ Bu,.{r) is disjoint from 
T,_i(r/2). 

Proof. Let us define Fj C It,, by 

Fj := {{z,t) I z G dTj{r/2) n Aj, d{z) - d{wj) < t < d{z)}. 
Then, there exists a diffeomorphism ipj : 1^, \ Ej ^Tj.i \ Dj such that 

(n): There exists 5 > and a diffeomorphism ijjj : dTj{r/2) n Aj dTj^i{r/2) n Aj 
such that 

ij^j {z, d{z) - d{wj) + = {i^j{z),t) {z G dTj{r/2) n A^-, -5 < t < O) . 
(in): Any tangent vector ^ on i?^.^.(r/2) C dTj{r/2) r\Aj satisfies |dVj(OlT(r) < |C|r(r)- 

We may assume that -0^ and V'j satisfy 
(iv): URl,^M/2,r])^Aj\B^^{r). 
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(v): Any tangent vector ^ on Yt^ \Fj satisfy \dipj{0\j-i < Cgl^lj, where Cg is a constant 
depending only on n. 

(iv) can be achieved since Rl-^. [r/2, r] HFj = 0. (v) can be achieved since Ci . . . , Cm\ 
Fm and Ei\Di, . . . , Em \ Dm are isometric (recall that we have assumed lengths of F(|e|) 
are same for all e G Si(T) (remark IS.lOp ). 

Finally, we extend ipj to ipj : Yt- — )■ ^Tj_i so that 

^j{z,t) ■= {^jiz),t- d{z) + d{wj)) {{z,t) G Fj). 

That (pj is a diffeomorphism follows from (ii) (we have to check that it is smooth on dFj). 
Finally, (i) implies (a), (iii) implies (b), (v) implies (c), (iv) implies (d). □ 

Take ip2, ■ ■ ■ , fm as in lemma [STTH and let </}":= (y92 o ■■■ o ipm '■ Yt^ ~^ ^Ti- 
Lemma 5.16. Any tangent vector ^ on Yt^ satisfies \d({>"{^)\^ < {c^Y ' \i\m- 

Proof. For any y G Yt,^ and 1 < j < m, define yj G Ft, by ym ■= y, yj-i ■= fjiVj)- 
We prove the following claim: Let 2 < j < m. If there exists ^ G Ty.Yrp- such that 
> l^li) then at least one of the foUowings holds: 

(A) : Any k> j and C e Ty^Yr^ satisfies \dLpkiC)\k-i = \C\k- 

(B) : The number of A; < j, such that there exists ( G Ty^Y^^. satisfying \dipk{Q\k_i > 

ICIfc, is at most 1. 

The above claim implies that the number of j such that there exists ^ G TyYx^ satisfying 
\dipj{S,)\j+i > is at most 3. Hence lemma IHTTW c) implies lemma 

We prove the above claim. Assume that there exists ^ G TyY^. such that \dipj{^)\j^i > 
(a) and remark [5.131 implv that yj G Cj, hence yj-i G Ej. We consider the following 
two cases: 

(i) : There exists u G Nxivj) \ {wj} such that yj G i?°.„(r/2,r] U {{z,t) \ z G 

R%^{r/2),0<t<d{vj)}. 

(ii) : Otherwise. 

First we consider the case (i). By remark [5.121 yj G Bj. Notice that Ej is divided into 
three parts: 

D,, A,\S.,(r), i?°^.,^(r/2,r]. 

(i)-(i): Assume that yj^i G Dj. Then, yj G Bjil^pJ^^Dj). Hence (b) implies \dLpj{^)\j_i < 

l^lj for any G Ty.YT^, contradicting the assuption. 
(i)-(ii): Assume that yj-i G Aj \ Bw.{r). In this case, yu ^ Ck for any k < j. Hence 

(a) and remark [5.13! imply that \dipk{,0\k-i = ICIfc for any k < j and ( G Ty^Yx^^. 

Therefore (B) holds. 

(i)-(iii): Assume that G R^.^^{r/2, r]. Let ko be the unique integer such that Wj = vuq- 
We claim that \d(pk{C)\k-i = \C\k for any k < j, k ^ k^ and C G Ty^Xr^ (hence (B) 
holds). This is proved as follows. When ko < k < j, yk ^ Ck- Hence the claim 

17 



follows from (a) and remark [5. 131 Moreover, (d) implies that yko-i G Ak^XBy^i^^^r). 
Hence (i)-(ii) proves the claim for k < k^. 

We consider the case (ii). In this case, yt ^ Ck for any k > j. Hence (a) and remark 
IL13J imply that \dipk{0\k-i = \C\k for any k > j, ( e Ty^Yr^^. Hence (A) holds. □ 

Finally we prove lemma 15. Ill Since Ti = {fi}, 1ti = T{r) \ By^{r/2). Hence there 
exists a diffeomorphism ip'" : Yt^ T{r) \ {^(^1)} such that \dip"' {i)\T(r)/\i\i < const„ for 
any nonzero tangent vector ^ on Yt^ . 

Hence Lp' := o i^" satisfies \d'^' {C)\T(r)/\i\xT = \df'{0\T{r)/\C.\m < const„ for any 
nonzero tangent vector ^ on F = Yt^. 



6. Thick tri angulation: proof 



This section is devoted to the proof of lemma 13.31 Our idea to prove lemma 13.31 is to 
use the notion of Delaunay triangulation. 

In section 6.1, we introduce the notion of Delaunay triangulation on the Euclidean space. 
Although it seems well-known, we need a result which is suitable for our applications 
(theorem 16. ip . After some preparations in section 6.2, we define the notion of Delaunay 
triangulation on Riemannian manifolds in section 6.3 (theorem 16. 5p . and prove lemma 13731 
as an application. 



6.1. Delaunay triangulation on the Euclidean space. First we introduce some con- 
ditions for subsets of M". Let 5* be a subset of M", and a, b, c, d be positive real numbers. 
We define conditions Pi (a), P2{b), ^(c), P4,{d) for S as follows: 

• S satisfies Pi (a) <^==^ Any s,t & S, s t satisfy dist(s, t) > a. 

• S satisfies Psffe) ^ Any x G M" satisfies P"(x, 6) n 5 ^ 0. 

• S satisfies P3(c) Any x G M" and < r < c satisfy |S'""^(x, r)nS\ <n + l. 

• S satisfies P^^d) <^==^ Any SQ,...,Sn G S satisfying diam(so, . . . , s„) < d is 
nondegenerate (i.e. there exists no hyperplane in M" which contains sq, . . . , s„). 

For any s e S, define V{s) C M" by V{s) := {a; G M" | dist(x,s) = dist(x,^)}, and 
define a symplicial complex Xs by V"(X5') = S, 

EiXs) := {{so, ...,Sk}cS\ V{so) n ■ ■ • n V{sk) ^ 0}. 

Moreover, define P5 : \Xs\ — )■ K" so that Fs\\a\ is an affine map for any o G Yj(Xs)- 

Theorem 6.1. // ^ C R" satisfies Pi{a), P2{b), P^ic), P^id) and c> b, d > 2b, then 
{Xs,Fs) is a triangulation o/M". 



Proof. By remark 13.21 it is enough to show that P5 is nondegenerate and homeomor- 
phism. First we show the nondegeneracy. If s,t E S satisfies V{s) fl V(t) 7^ 0, then P2(&) 
implies that dist(s,t) < 2b. Hence any a G S„(X5) satisfies diam(cr) < 2b. Since d > 2b 
and S satisfies Pi{d), a is nondegenerate, hence Ps||cr| is nondegenerate. 
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We have to show that Fs is a homeomorphism. Since Fs is clearly continuous, it is 
enough to show its properness, injectivity, and surjectivity. 

We show the properness of Fs- Let K he a compact set on M", and assume that 
0- G T.n{Xs) satisfies Fs{\(r\) n K ^ Then, diam(a-) < 2b implies that a C B{K,2b) : = 

|j5"(x,26). On the otherhand, since S satisfies -Pi(a), S fl B{K,2b) is finite. Hence 
F^^{K) is contained in a compact set \a\. 

crCB{K,2b) 

We show the injectivity of Fs- Arguing indirectly, suppose that there exist x,y E \Xs\ 
such that X ^ y and Fs{x) = Fs{y). Take a, r G ^^(X^) such that x G |cr|, ?/ G |r|. Since 

-^sllo-i; -^sllri are injective, a ^ t. Define p,q E M" and dp,dq > by {p} := V^(s), 
(ip := dist(p, S), {q} := |^ V(t), dq := dist(g, S*). Since S satisfies P2{b), dp, dg < b. Then, 

tGr 

since c> b and S satisfies Ps{c) , cr = S H S'^~^{p, dp), r = 5 fl ^"^^(g, d^). 

If S''-\p,dp)nS''-\q,dq) = 0, F^dal) nFs(|r|) = 0: a contradiction. If S'"~\p,dp) f] 
S^~^{q, dq) 7^ 0, one can easily shows that x,y E |a fl r|. However it contradicts the fact 
that -F^li^i are injective. 

Finally we show the surjectivity, i.e. Fs{\Xs\) = M". First we claim that for any 
X E |cr|, Fs{\Xs\) is a neighborhood of Fs{x). Let a be an unique symplex of Xs 

dim (7>n— 1 

such that X G int 1 0" I . If 0" G S„ (Xs) , then the claim is obvious since F5 1 is nondegenerate. 
If cr G S„„i(X5), there exists an unique hyperplane vr C M", which contains a. ir divides 
M" into two halfspaces Hi,H2, and there exist Si E Hi (1 S , S2 E H2 Cl S such that 
(7U{si},aU{s2} G ^n{Xs). ThenFs(|aU{si}|U|aU{s2}|) is a neighborhood of Fs{x). 

Assume that Fs{\Xs\) Q M", and take x G M" \ Fs{\Xs\). Then, there exists e G ^""^ 
such that (x + eM) n Fsd^^l) 0, and (x + eM) n |J Fs{\a\) = 0. Then, the above 

dim (T<n— 2 

claim shows that T = {tEM.\x + etE Fs{\Xs\)} is open in M. Moreover, the properness 
of Fs shows that T is closed. Finally, obviously T 7^ 0, ^ T: a contradiction. □ 

6.2. Nondegenerate conditions. Our idea to prove lemma 1X51 is to generalize the no- 
tion of Delaunay triangulation for finite sets on Riemannian manifolds. To carry out this 
argument, we consider finite sets which satisfy some nondegenerate conditions. In this 
subsection, we spell out those nondegenerate conditions, and show the existence of a finite 
set satisfying those conditions (lemma [6. 2p . 

First we introduce some notations: 

• For X E N and < a < 6, Bn{x : a,b) := \^y E N \ distAr(x,?/) G 

• For k = 1, . . . ,n and Xq, . . . , x^ G such that diam(xo, . . . , x^) < inj(A^), we 
define 

9k{xo, ...,Xk):= inf Yol{e^^^^^^^^^^, e^^^oj^^^,,), 
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where a runs over all permutations of {0, . . . , fc}, and 
vol(vi, ...,Vk):= ^det(vi • Vj)i<ij<fe. 

We introduce some conditions for finite sets on N . Let 5" be a finite subset of N ^ and 
a, 6, c, 5, ^ are positive numbers, and k — 2, . . . ,n: 

• S satisfies P[{a) Any s,t & S, s ^ t satisfy dist7v(s,t) > a. 

• 5" satisfies P2{b) Any x e N satisfies Bn{x, 6) n 5" 7^ 0. 

• 5" satisfies P^{c, 5) <(=^ Any x e N and < r < c satisfy |5'nSjv(x : r, {l+5)r) \ < 
n + 1. 

• S satisfies P4{k, d, 6) Any sq, • • • , Sfc G 5* satisfying diam(so, • • • , -Sfc) < 0? 
satisfies 6k{sQ, . . . ,Sk) > 0. 

Lemma 6.2. There exist positive numbers S, 9 such that: ifs>Ois sufficiently small, then 
there exists a finite set S C N which satisfies P[{e/2), P2{2e), ^3(106, 5), P'i{n, 10s, 9). 

Remark 6.3. We abbreviate P[{e/2) A P^(2£) A P^{lQe, 5) A Pi(n, lOs, 9) as P\e, S, 9). 

Proof. We prove the following sfightly stronger result: 

There exist positive numbers 6,92, ■ ■ ■ ,9n such that: if e > is sufficiently 
small, then there exists a finite set S C N which satisfies P{{e/2), P2{2e), 
P^{10e, 5), Pi{k, 10£, 9k){k^2,...,n). 

First note that if 5 C is a maximal set which satisfies Pi{s), then it also satisfies 
P2{s). Hence, for any £ > 0, there exists S C N which satisfies P[{s), P2{s)- 

Take S = {si, . . . , Sm} G N so that it satisfies P[{£), -P2(^)- Then, any S' = {s[, . . . , s^} C 
N such that s- e B{si,e/10) (i = 1, . . . ,m) satisfies P[{Ae/5), P2{ne/10) (hence it obvi- 
ously satisfies Pi{e/2), P2{2e)). 

We show that there exist 5,92, ... ,9n, such that for sufficiently small £ > we can take 
S' so that it satisfies P3(10£, 5), P'^{2, lOe, ^2), ■ ■ ■ , P'M, 10s, 9^). 

We construct 5"' inductively. First, let s'^ := si. Suppose that we have chosen s\,...,s'i 
so that {s'l, ...,s'i} satisfies P3(10£, 5), Pi{2, lOe, ^2), ■ ■ ■ , Pi{n, lOe, 9n). 

We define W2, ■ ■ ■ , Wn, Z C PAr(sz+i, e/10) as follows: 

• Wk is the set of s e Bn{si+i, e/10) such that {s'l, . . . , s'l, s} does not satisfy 
Pi{k,10e,9k). 

• Z is the set of x e Bn(si+i, e/10) such that {s[, . . . ,s'i,s} does not satisfy P3(10£, 5). 
Then, the volume of W2, . . . , Wn, Z are estimated as follows: 

• For any c > 0, there exists G2 > (depending on c) and E > (depending on 
c, e2,A^) such that: if 6I2 < 62 and e < E, then vol(Vr2)/vol(Pjv(si+i, e/10)) < c. 

• For any c > and k = 3, . . . ,n, there exists > (depending on c,9k-i) and 
E' > (depending on c,9k-i,Qk, such that: if 9k < and e < E', then 

VOl(W^fc)/vol(P^(Si+l,£/10)) < c. 
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• For any c > 0, there exists A > (depending on c, 9n) and E" > (depending on 
c, 9n, A, A^) such that: if 5 < A and e < E", then vol(Z)/vol(Sjv(si+i, e/10)) < c. 

Therefore, when 62, . . ■ ,6n,S are properly chosen and e > is sufficiently small, then 
yo\{W2U- ■■UWnUZ)/vo\{B{si+i,e/10)) < 1. Therefore we can take s'l_^_l G Bn{si+i, e/10) 
such that {s[, . . . , satisfies P3(10£:, 6), ^4(2, lOe, 6*2), ... , Pi{n, lOe, 9n). Continuing 
this process until /+! = m, we can construct S' which satisfies P3(10e, 6), P^i^k, lOe, 9k) {k = 
2,...,n). □ 

6.3. Delaunay triangulations on Riemannian manifolds. In this subsection, we 
define the notion of Delaunay triangulation for finite sets on Riemannian manifolds, and 
prove lemma 13731 as an application. 

Let e, 6, 6 be positive numbers as in lemma 1^7^ be a closed Riemannian manifold, and 
5* be a finite set on which satisfies P'{e, 5, 9). First we construct a symplicial complex 
Xs and a smooth map Fs '■ \Xs\ — )■ A^, and then prove that (X5, Fs) is a triangulation of 
A^ when e > is sufficiently small (theorem 16. 5p . 

Xs is defined in the exactly same way as in the case of the Euclidean space (section 
6.1). For each s G 5*, we define V{s) d N hy 



Since S satisfies P2{2e), any a G 'L{Xs) satisfies diam(cr) < 4e. 
Next we define Fs : \Xs\ — > A^. The definition consists of 3 steps. 
Stepl: For any s G 5*, there exists an unique map is : Stxs(s) — > TgN such that 



Take an arbitrary function p : [0, 1] — > [0, 1], such that p = on some neighborhood of 0, 
and p = 1 on some neighborhood of 1. 

When A; = 1, we define /ii by 




• is{t) = 'st for any t G Nx^is). 

• For any a G T,{Xs) such that s E a, is\\a\ is an affine map. 

We define F, : Stxs(s) A^ by := exp^ oi^ . 
Step2: For each A; > 1 we define 



Pk ■■ {(go, . . . , gfc) e A^'^^^ | diam{go, ■■■,qk} < inj(A^)} x A^ ^ A^^ 



where 



A'^ := {(to,...,tfc) I to,-..,4 > 0,to + ■■■ + 4 = !}• 



/^i (go, qi, {to, ti)) := jqo,q, {p{to)) . 



Suppose that we have defined /xi, . . . , pk-i- Then, we define pk by 




{to — ■ ■ ■ — tk-i — 0,tk — 1) 
n-tk)),qk {P{tk)) (otherwise) 
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As is clear from the definition, fik is C°°. 

Step3: Fix an aribitrary order on S. Then, for any a = {sq, . . . , s^} G 2(5), where 
So < ■ ■ ■ < Sfc, we define F^li^i by 

Fs{x) := fik{Fso{x), . . .,Fs^{x), (to, • • • ,4)) {x = soto H h Sktk, to H h tfc = l). 

This completes the definition of Fs : \Xs\ — )■ A^. 
We need the following lemma for later arguments: 

Lemma 6.4. (1) Fs\\a\ is a geodesic for any a G Ili{Xs)- 

(2) When e is sufficiently small, Fs{\a\) C Bjq{a,%e) for any a E T,{Xs)- 

Proof. (1): Set a := {p,q}. Then, for x = Xp + {1 — X)q G |a|, Fp{x) = Fg{x) = 7pg(A). 
Therefore Fs{\p+ (1 — \)q) = 7pg(A), hence Fs\\a\ is a geodesic. 

(2): Since diam((T) < ie, Fs-{\a\) C Biy{si,4:e) for each i = 0,...,k. Therefore 
Fs-(|a|) C B^{so, 8e) for each i. On the otherhand, when e is sufficiently small, Bj^{x, 8e) 
is geodesically convex for any x E N. Hence F^dal) C Bj^{so,8e) C B^{(T,8e). □ 

We prove that when e is sufficiently small, {Xs, Fs) is a triangulation of A^: 

Theorem 6.5. Let S, 9 he positive numbers as in lemma lUT^ and N be a closed Riemann- 
ian manifold. Then, for sufficiently small e > 0, the following holds: 

If S C N satisfies P'{e,6,9), {Xs,Fs) is a triangulation of N. 

The proof is based on the next lemma 16. 71 First we need the following definition: 

Definition 6.6. Let (A'j)j=i 2,... be a sequence of subsets of M", and X^o be a subset of 
M". 

(1) When Xoo is a finite set, converges to Xoo if and only if jlXj = '^\Xoo{■= m) 
for sufficiently large i, and (Xj)j converges to X^o as elements of 

{(a;i,...,x„)G(M")"|z^j =^ x, + x,}l&^. 

(2) When X^q fl B'^{r) is a finite set for any r > 0, (Xj)j converges to X^o if and 
only if there exists an increasing sequence {rj)j of positive real numbers such that 
lim Vj = 00 and (Xj fl B"{rj))i converges to X^o H B'^{rj) for any j. 

j-s>oo 

Lemma 6.7. Let {Siji be a sequence of positive numbers, {Si)i be a sequence of finite sets 
on N, such that lim Si = 0, and each Si satisfies P'{ei,6,6). Let {pi)i be a sequence of 

points on N, and {Ui,ipi) be a local chart on N which is defined near pi, and satisfies the 
following conditions: 

• ipi{Ui) = {(xi, ...,Xn)\\x\< inj(A^)}. 

• ViiPi) = (0, ... ,0). 

geodesic coordinate on N. 

Let us define Ti C M" by Ti := ipi{Ui fl Si)/ei. Then, the following holds: 
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(1) Up to subsequence, {Ti)i converges to some Too C M" in the sence of definition 1 6. (A 

(2) For any a < 1/2, b>2, c,d< 10, T^o satisfies Pi{a), P2{h), P^{c), Pi{d). 

Proof. Fix aribitrary a < 1/2. Then, for any r > 0, Tj fl B'^{r) satisfies Pi{a) for 
sufficiently large i. Hence jj(Tj fl B'^{r)) is bounded uniformly on i. Therefore, up to 
subsequence (Tjn-B"(r))j converges to a certain finite subset of B'^ir). Then, the diagonal 
argument proves (1). (2) is an immediate consequence of the assumption that Si satisfies 
P'{ei, 5, 9) for each i. □ 

Now we can prove theorem 16.51 By remark 13. 2[ it is enough to show that Fs is nonde- 
generate and homeomorphic. Moreover, since Fs is continuous and \Xs\ is compact, it is 
enough to show the following two assertions: 

(1) When £ > is sufficiently small, Fs is nondegenerate. 

(2) When £ > is sufficiently small, Fs is a bijection. 

(1) follows from theorem 16.11 using lemma 16.71 (notice that one can take 6, c, d so that 
6 > 2, 6 < c < 10, 26 < < 10). 

We prove (2). For any s G 5, we define Xg C Xs by 

V{Xs) :=Sn Bm{s, lOOe), := j:{Xs) n 2^(^=). 

Notice that the following two assertions follow from theorem 16.11 using lemma 16. 7t 

(2'): When e > is sufficiently small, -FsliXsl is injective for any s E S. 
(2"): When e > is sufficiently small, BN{s,2e) C Fs{\Xs\) for any s e S. 

Finally we show that (2) follows from (2') and (2"). Suppose that £ > is so small that 
Fs\\Xs\ is injective, and BN{s,2e) C F5(|Xs|) for any s E S. 

If Fs is not injective, there exist x,y E \Xs\ such that x ^ y and Fs{x) = Fs{y). Take 
cr, r G T,{Xs) such that x G \a\, y G |r|. Since F^dal) nF5(|r|) 7^ 0, lemma 16^ (2) implies 
that T C Bn{s, lOOe) for any s G a. However it is a contradiction, since Fs\xs is injective 
for any s E S. 

On the otherhand, since S satisfies P2{2e), |JSjv(s,2e) = A^. Hence Fs is surjective. 

This completes the proof of theorem 16.51 

Finally, we prove lemma 13.31 Take 6, 9 as in lemma 16. 2[ Let e > be a sufficiently 
small positive number, S" be a finite set on N satisfying P'{e,6,9), and {Xs,Fs) be the 
triangulation, which is defined as above. We claim that {Xs,Fs) satisfies (1), (2), (3) 
in lemma 1331 when e > is sufficiently small. (1) was confirmed in lemma (1). (2) 
follows from that any a := {sq, . . . , s„} G T,n{Xs) satisfies distAr(si, s-,) G [e/2,4e] and 
9{so, . . . ,Sn) > 9. (3) follows from that any a = {sq, si} G T,i{Xs) satisfies distAr(so, si) < 
4e and S satisfies P[{e/2). 
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